By constructing action variables that are very nearly invariant in a region R of phase space, and by examining their residual variation, we set long-term bounds on any orbit starting in an open subregion of R. A new and generally applicable method for constructing the required high-precision invariants is applied. The technique is illustrated for transverse oscillations in a circular accelerator, a case with 2 l/2 degrees of freedom and strong nonlinearity.
In applications of nonlinear Hamiltonian mechanics it is often interesting to establish theoretical limits on the motion over extremely long intervals of time. For instance, in the design of cyclic particle accelerators and storage rings one would like to predict stability of particle orbits over a beam storage time of several hours. During such a time, a particle makes a stupendous number of interactions with localized nonlinear magnetic fields. In the Superconducting Supercollider (SSC) the number will-be around 1012, while the stored particles make about lo8 turns around the ring.
To approach such problems it is useful to consider invariant surfaces in phase space. The effective phase space has dimension D = 2d + 7 for a system with d degrees of freedom, where 7 = 0 if the system is autonomous, and r = 1 if the Hamiltonian H is a periodic function of the time. We emphasize the latter case, which is of interest for accelerators, and exclude nonperiodic time dependence of H. Mathematical results in this direction were obtained by NekhoroshevfY5 who studied a wide class of nearly integrable systems of arbitrary dimension. The Nekhoroshev Theorem states that an orbit will be confined to a specified, bounded region of phase space at least for a time T that increases exponentially as the strength e of the nonlinear-p.erturbation tends to zero. Unfortunately, the Nekhoroshev Theorem has no direct practical application, since c must be absurdly small to guarantee a stability time T of suitable magnitude. This situation results from pessimistic estimates that are required in the rigorous analysis. The true time of stability is almost certainly underestimated by a huge margin.
We wish to show that an argument in the spirit of Nekhoroshev's proof, but quite different in technique, can be carried out numerically. Without a severe restriction on perturbation strength, we obtain bounds on the motion for suitably long time intervals. Owing to the finite nature of numerical analysis, the bounds are not mathematically rigorous, but in our view they are persuasive and much more reliable than conclusions based on the conventional method of "tracking". In the latter, one follows a few orbits by symplectic numerical integration of the equations of motion over a time interval that is usually much less than the desired time for stability. An extrapolation to claim stability on the desired interval is risky, since examples are frequent in which an orbit is apparently well-behaved for a long time, but finally displays instability.
We first describe the motion in terms of action-angle variables (I, 'P) of an underlying integrable system. The Hamiltonian will have the form H(I, f&O> = H,(I) + V(I, @, 0) , (1) 
where subscripts denote partial derivatives. In accord with our viewpoint based on maps, it is sufficient to deal with the transformation at 0 = 0 only. If the transformation is ideal, so that J is a constant, then the first equation of Eqs. (3) 
This observation is useful if p is sufficiently large. Since the largest tolerable excursion AJi is usually imposed by the problem at hand, a large p is to be achieved by making SJ; small through a good choice of the canonical transformation.
To determine the canonical transformation, we expand the function representing the torus in a finite Fourier series. We write
and determine the coefficients um so that (5) is satisfied at a finite set of points (I(e), C@ (8) 
Any orbit beginning in R, will stay within the slightly larger region R for at least pN,, = lo8 turns. This result is quite satisfactory, since a stability time of lo8 turns is in a range of practical interest, and far beyond the range accessible by direct tracking.
Recall that we have obtained the result by tracking for lo4 turns from many initial conditions, a technique that implies good control of rounding error.
All resonances in the region R defined above are weakly excited, and have little effect. The variation of J on the resonance lines is hardly stronger than elsewhere in the region. In other regions, at comparable amplitudes, we encounter strong resonances that are associated with larger variations of J. This does not necessarily imply a degradation of the time for stability, since oscillations on a well isolated resonance can be stable for a long time and not associated with fast transport to nearby resonances, even if the amplitude of oscillation is fairly large. The derivation of long-term bounds in this situation is discussed in Ref. 9 .
We have demonstrated the feasibility of bounds on Hamiltonian motion for very long time intervals under conditions of strong nonlinearity. The scheme is quite general, and proceeds in the same way for any Hamiltonian system. Points on orbits of the-time evolution map M are the only data required to establish bounds. Although the method was motivated by problems in accelerator theory, it should be of interest as well for stability questions in other fields such as plasma theory and celestial mechanics.
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